Two unknown states can be unambiguously distinguished by a universal programmable discriminator, which has been widely discussed in previous works and the optimal solution has also been obtained. In this paper, we investigate the programmable unambiguous discriminator between two unknown "latitudinal" states, which lie in a subspace of the total state space. By equivalence of unknown pure states to known average mixed states, the optimal solution for this problem is systematically derived, and the analytical success probabilities for the optimal unambiguous discrimination are obtained. It is beyond one's expectation that the optimal setting for the programmable unambiguous discrimination between two unknown "latitudinal" states is the same as that for the universal ones. The results in this work can be used for the realization of the programmable discriminator in laboratory.
I. INTRODUCTION
Quantum state discrimination is required for many applications in quantum communication and quantum computation, and therefore plays an essential role in quantum information theory, i. e. quantum key distribution [1] [2] [3] [4] , quantum secret sharing [5] , quantum scure direct communication [6] [7] [8] [9] [10] [11] [12] , and other quantum information processing [13] [14] [15] [16] [17] [18] . The discrimination between quantum states is not a trivial problem in quantum mechanics since an unknown state can not be cloned perfectly [19, 20] . Two basic strategies have been introduced to achieve quantum state discrimination: one is the minimum-error discrimination (MD) [21] [22] [23] [24] [25] [26] , with a minimal probability for the error, and the other one is the unambiguous discrimination (UD) [27] [28] [29] [30] [31] [32] , with a minimum probability of inconclusive results. In those works, a quantum state is chosen from a set of states to be identified, and one do not know which, and wants to determine the actual states. The set of states to be distinguished is known, and the device for the state discrimination is not universal but specifically designed for the states to be distinguished.
On the other hand, illuminated by the spirit of programmable quantum devices [33] [34] [35] [36] [37] [38] [39] , it is meaningful to construct a universal quantum device that can unambiguously discriminate between quantum states, which means, the setting of the device is not dependent on the input states compared with the usual state discrimination before. For qubit case, such a universal discriminator was first constructed by Bergou and Hillery [40] , and in this programmable device, there are two program registers denoted by A and C, respectively, and a data register denoted by B. It is assumed that the program registers A and C are prepared in the qubit states |ψ 1 and |ψ 2 , respectively, while the data register B is prepared in a * taozhou@swjtu.edu.cn third state (guaranteed to be either |ψ 1 or |ψ 2 with a priori probabilities η 1 and η 2 such that η 1 + η 2 = 1) that one would like to identify. This universal discriminator can measure the total input states
and it is a amazing feature of this device that the states in the registers could be completely unknown compared with the usual state discrimination. This discriminator can distinguish any pair of states in this device with some probability, unless the two states |ψ 1 and |ψ 2 are identical. The generalizations and the experimental realizations of this programmable discriminator above were also introduced and widely discussed soon [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] . In these works, either the minimum-error strategy or the unambiguous discrimination strategy was considered, and the two strategies were unified by introducing an error margin [57] . The cases for the multiple copies of input states in both program and data registers are discussed, and the optimal solutions are obtained for n A = n C = n, n B = 1 [44, 56] , for n A = n C = 1, n B = n [41] , for n A = n C = n, n B = m [48] , and for arbitrary copies of states in both program and data registers [45, 55, 58] , where n A , n B and n C are the copies of states in the registers A, B and C, respectively. The cases for high dimensional (qudit) states in the registers were also considered, and the unambiguous discrimination has been discussed for n A = n B = n C = 1 [42] . Furthermore, the case where each copy in the registers is a mixed state was also treated [45] . The most general case for the pure state is the copies of each registers are all arbitrary, and moreover, the states in the registers are qudit states rather than qubit states only, say, the task is to distinguish the two total input states
where |ψ 1 and |ψ 2 are two unknown pure states in ddimensional (d 2) Hilbert space. For this case, the optimal solutions for both the minimum-error discrimination and unambiguous discrimination were obtained in a group-theoretic approach [43] and the success probabilities are systematically derived for the unambiguous discrimination [58] , while only the minimum-error discrimination was discussed in Ref. [55] .
In the present paper, we investigate a special version of the programmable unambiguous discrimination between two qubit states, where the unknown input states are restricted on the latitude line of the Bloch sphere, not the whole state space, say
with θ a fixed number in [0, π] and φ uniformly distributed in [0, 2π), and {|0 , |1 } represent a basis for the space H of qubit states. We call states of this form the latitudinal states, and for a specific case θ = π/2, one has the "equatorial" states [59] 
Studying the programmable unambiguous discrimination for the restricted states to the latitude is quite reasonable, and this is motivated by the physical implementations of quantum communication as well as by the fundamental questions in quantum information processing. For instance, all existing quantum cryptographic experiments are using states that are on the equator, rather than states that span the whole Bloch sphere. Comparing with the universal programmable unambiguous discrimination, there is more information about the states since they are restricted to a latitude, and one may take it for granted that the optimal solution is different for the programmable unambiguous discrimination between two unknown "latitudinal" states, and conjecture that higher success probabilities could be obtained for the equatorial states. To verify the validity of these conjectures is the main purpose of this work. This paper is organized as follows. In Sec. II, the equivalent average mixed states of the input states are derived for the programmable unambiguous discrimination, and he structure of the average input mixed states is briefly discussed. In Sec. III, the optimal setting is obtained via the unambiguous discriminations between mixed states in the subspaces, and the optimal success probabilities for the average input mixed states are given. The success probabilities for the optimal programmable unambiguous discriminator between two unknown latitudinal states are given in Sec. IV. We end this paper with a short discussion in Sec. V.
II. AVERAGE INPUT STATES AS EQUIVALENT MIXED STATES
In this section, we will discuss the equivalence of the unknown pure states to the known mixed states. For the two input states
with φ 1 and φ 2 uniformly distributed in [0, 2π), though restricted to a latitude line of the Bloch sphere, they are still unknown to us, and they can change by different preparations. The permutation symmetry properties of the total input states |Ψ 1 and |Ψ 2 is preserved and this is the available information to distinguish |Ψ 1 and |Ψ 2 . Therefore, one can introduce two average mixed states for the pure input states in Eqs.
(1),
It is obvious that the optimal strategy for discrimination between the two pure states in Eq. (1) is also optimal on average, and the discrimination of unknown pure states is, on average, equivalent to the discrimination between the known average mixed states in Eq. (6). We can unambiguously discriminate between |Ψ 1 and |Ψ 2 as soon as we can unambiguously discriminate between ρ 1 and ρ 2 , and before this, more explicit expressions for the average states ρ 1 and ρ 2 should be given first.
For the state |ψ in Eq. (3), it is easy to obtain the following two facts
and 1 2π
where
and one has
Let H 1 be the Hilbert space of ρ 1 , which is spanned by {|000 , |001 , |u |0 , |u |1 , |110 , |111 }, and H 2 the Hilbert space of ρ 2 , which is spanned by {|000 , |100 , |0 |u , |1 |u , |011 , |111 }. Define H 0 the space spanned by {|000 , |111 }, H 1 the space spanned by {|001 , |u |0 , |100 , |0 |u }, and H 2 the space spanned by {|110 , |u |1 , |011 , |1 |u }. One should notice that both H ∞ and H 2 are 2-dimensional subspaces. It is obvious the total space H = H ⊗3 = H 1 ∪ H 2 = H 0 ⊕ H 1 ⊕ H 2 , and therefore, the discrimination between ρ 1 and ρ 2 reduces to the state discriminations in each subspaces H 0 , H 1 , and H 2 . The details for the discriminations in the subspaces are discussed in the following section.
III. OPTIMAL UNAMBIGUOUS DISCRIMINATIONS IN SUBSPACES
From Eq. (10), the average mixed states ρ 1 and ρ 2 are the same in the subspace H 0 , and thus can not be distinguished further in this subspace. In the subspace H 1 , the mixed state
occurs with probability 3 cos 4 θ 2 sin 2 θ 2 for ρ 1 , while for ρ 2 , the mixed state
occurs with the same probability 3 cos
2 . Therefore, for the discrimination, the probability for the occurrence of a vector in space H 1 is
and finally, in subspace H 1 , the problem reduces to the unambiguous discrimination between two mixed states ρ , and failing to identify the state, and is mathematically represented by three POVM elements E 1 , E 2 and E 0 = I − E 1 − E 2 , where I is the identity operator on the space H 1 . It is required that no error can happen in the discrimination, so
The success probability of the unambiguous discrimination is
The optimal solution is to maximize Eq. (15) subject to Eq. (14) and the constraint that E 0 , E 1 , and E 2 are semipositive definite. Before the optimal POVM can be constructed, one need to further consider the structure of H 1 . Define H 1 the space spanned by {|001 , |u |0 }, and H 2 the space spanned by {|100 , |0 |u }, and then,
The unambiguity conditions in Eq. (14) means that the support of E 2 (E 1 ) is a subspace of the kernel of ρ Due to the structure of H 1 , ker ρ ′ 1 is a one-dimensional subspace spanned by |v |0 , and ker ρ ′ 2 is a one-dimensional subspace spanned by |0 |v , where
The POVM elements E 1 and E 2 now are
with 0 α, β 1 guaranteeing the semi-positive definite properties. In the orthonormal basis {|001 , |u |0 , |v |0 } of H 1 , the POVM element E 0 is given by the 3 × 3 matrix
and its eigenvalues are easy to obtain explicitly, and required to be nonnegativity due to the semi-positive definite condition. It can be directly derived from the matrix above,
For the success probability in Eq. (15),
where the equalities hold for
The constrains 0 α, β 1 inform us the results above work only for
For 0 η 1 < 1/5, the optimal solution is
with α = 0, β = 1, and for 4/5 < η 1 1, the optimal solution is
with α = 1, β = 0. The results for the unambiguous discrimination in space H 1 can be summarized as follow
where I ′ is the identity operator on H 2 . The optimal success probability is
with α ′ = 0, β ′ = 1 and for 4/5 < η 1 1
with α ′ = 1, β ′ = 0. Following the results for the unambiguous discrimination in both subspaces H 1 and H 2 , the POVM for the unambiguous discrimination between ρ 1 and ρ 2 is
where 1 1 is the identity operator on the total space H. The optimal solution for the POVM is
with I the identity operator on the space H, where for 1/5
η2 ; for 0 η 1 < 1/5, c 1 = 0, c 2 = 1; and for 4/5 < η 1 1, c 1 = 1, c 2 = 0. Finally, the optimal success probability for the unambiguous discrimination between the average states ρ 1 and ρ 2 is
IV. SUCCESS PROBABILITIES FOR THE OPTIMAL PROGRAMMABLE DISCRIMINATOR
The optimal setting for the unambiguous discriminator between two unknown latitudinal states has been given in Eq. (34) , and one can conclude the optimal measurement is a POVM for 1/5 η 1 4/5, and a projector measurement for both η 1 < 1/5 and η 1 > 4/5. Actually, the optimal setting here is exactly the same as that for the universal ones, which is beyond our expectation. In fact, the unknown states rather than the average mixed states are distinguished in the device, and therefore we will derive the success probability for the pure input states in this section.
With the expressions of the optimal POVM operators in Eq. (34), one can have
Meanwhile,
and therefore
Similarly, one can have
Finally, we can come to the optimal success probability for the pure input states
and this expression is also the same as that in Ref. [40] .
V. CONCLUSIONS AND DISCUSSIONS
In conclusion, we have investigated the programmable unambiguous discriminator between two unknown latitudinal states. The equatorial states are a special class of the latitudinal states, which has been widely used in quantum communications theoretically and experimentally. By the equivalence of unknown pure states to the mean mixed states, the discrimination problem reduces to the unambiguous discriminations between known two mixed states in subspaces. The Jordan-basis approach does not work here, and scheme for unambiguous discrimination between mixed states are applied in the subspaces. Actually, it is more complicated to design a programmable device for the latitudinal states than the universal ones, since there are more symmetry properties for the average mixed states for the universal programmable discrimination. The optimal setting is systematically derived, and the optimal success probabilities are obtained, which are the same as that for the universal ones in previous work [40] . The expressions of the optimal measurement operators are given, and this is very useful and helpful in the construction for the programmable discriminator. The results in this work suggest that only the permutation properties of the input states are useful to design the programmable discriminator between the unknown states, and it is interesting to provide a strict demonstration for this conclusion elsewhere. We expect that our results could come up with further theoretical or experimental consequences.
